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Camera calibration from a single image is of importance in computer vision. It requires a priori

scene information. In recent years, some methods have been studied to solve this problem. One
approach is to adopt the idea of using vanishing points and vanishing lines. Circles and balls are
also introduced for the calibration target. Besides, symmetry and coplanar points and lines can
be applied as the constraints for calibration. This survey is concerned with research on single

image calibration and contains the annotations for milestone publications.
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1. INTRODUCTION

Classical camera calibration methods require more than one image: they depend
or partly depend on the relationship between images. For example: [Hartley 1994],
[Hartley and Zisserman 2003], [Zhang 2000]. Since camera calibration is essential
for 3D reconstruction, classical methods lack the power to deal with single images
from unknown sources such as the Internet or magazines.

Another direction is camera calibration from only one image. Unlike camera
calibration from multiple images, previously known geometrical information in a
single image is always required. Several kinds of information have already been
studied.

Camera calibration using vanishing points and vanishing lines is the earliest to be
proposed. Caprile and Torre [1990] were the first to propose this method. Caprile
and Torre [1990] used three vanishing points. In 2000, Guillou et al. [2000] proposed
a method of using two vanishing points and a known line segment. Wilczkowiak
et al. [2001] and Wilczkowiak et al. [2005] replace the cube, which is used in Caprile
and Torre [1990] to generate three vanishing points, with parallelepipeds. Avinash
and Murali [2008] used a rectangular prism instead.

Circles and balls are also used to compute the intrinsic parameters. Fremont
and Chellali [2002] introduced the use of two concentric circles. Teramoto and Xu
[2002] proposed the use of three balls. Chen et al. [2004] and Chen et al. [2008]
proposed the use of two coplanar circles. Colombo et al. [2006] used two coaxial
circles. Sometimes in this approach vanishing points and vanishing lines are also
used to perform additional constraints.

Other approaches have also been proposed: Hong et al. [2004] proposed the usage
of symmetry, Shang et al. [2004] proposed the application of four coplanar control
lines and Park [2007] proposed the usage of three coplanar points.

Note that in this survey, camera calibration means the computation of intrinsic
parameters. Besides, it is widely accepted that the modern CCD camera has square
ACM Journal Name, Vol. V, No. N, Month 20YY.
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pixels, zero skew factor and the fixed principal point which lies at the centre of the
image. Therefore, if the method is only about the computation of focal length, it
is also considered as a calibration method.

2. OVERVIEW OF THE RESEARCH

This chapter surveys the research on camera calibration methods from a single
image. These methods use different approaches: calibration based on vanishing
points and vanishing lines, calibration based on circles, calibration based on the
collaboration of vanishing points/lines and circles, calibration based on symmetry,
calibration based on four coplanar control lines and calibration based on three
known coplanar points.

2.1 Calibration Based on Vanishing Points and Vanishing Lines

The first idea of adopting vanishing points to calibrate the camera was proposed
by Caprile and Torre [1990]. It inspired by the usage of vanishing points for other
targets, such as locating objects in space or recovering the extrinsic parameters of
a pair of images ([Odone et al. 1986], [Nagy and Falsafi 1988] and [Jiang and Chen
1987]).

The method proposed by Caprile and Torre [1990] is based on the view of a cube,
whose orientation is set at 45 degree in order to achieve optimized accuracy. Three
vanishing points can be retrieved from the image of the cube and the intrinsic pa-
rameters can be calculated from the property of the vanishing points.

It has been many years since the work of Caprile and Torre [1990]. Then in the
year of 2000, Guillou et al. [2000] extended the work of Caprile and Torre [1990]
in the field of camera calibration from a single image. This camera calibration
technique uses one image without any calibration pattern. The assumptions for
the proposed method, claimed by Guillou et al. [2000], are: a single real image
which contains two vanishing points and a known line segment, the principal point
of which lies in the centre of the image and the user-fixed aspect ratio.

In the same year, the work of Svedberg and Carlsson [2000], which is derived from
the work of Caprile and Torre [1990], was also proposed. That method is to use the
seemingly orthogonal wedge, which is defined as two rectangular planes intersecting
at right angles, as a reference structure. Such a wedge is assumed to behave the way
straight-angled corner do. Vanishing points are extracted from the projections of
the wedge. The determination of vanishing points brings three quadratic constraint
equations for the unknown camera parameters. Thus it is possible to imagine new
views. The way of choosing a reference structure to imagine new views is equivalent
to camera calibration.

In the next year, the work of Wilczkowiak et al. [2001] was proposed as the ex-
pansion of the work of Caprile and Torre [1990]. It uses parallelepipeds rather than
cubes, which are a subclass of parallelepipeds, to calibrate the camera. The use of
parallelepipeds is claimed to be an improvement since computing vanishing points
is numerically unstable, and dealing with individual vanishing points does not al-
low fully exploiting the redundancy contained in all of the vanishing points which
stem from the projection of a single parallelepiped. Wilczkowiak et al. [2001] states
that the proposed method does not compute explicitly vanishing points but first
estimates the best projection matrix such that the defined image points correspond
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to a parallelepiped in space. From this projection matrix and a priori knowledge of
the parallelepiped, such as angles, length ratios and so on, the constraints on the in-
trinsic parameters can be derived. The authors claim that most of these constraints
are linear. These constraints are then used to compute intrinsic parameters.

In the year of 2002, the work of Deutscher et al. [2002] was proposed. It assumes
the image satisfies a Manhattan world, in which edges lie predominantly in three
orthogonal directions. Deutscher et al. [2002] claim that this method exploits the
orthogonality constraint explicitly to compute a joint estimate of the three vanish-
ing points rather than trying to enforce orthogonality and estimate the intrinsic
parameters after the vanishing points have been found.

Another calibration method, which registers two planes in the scene and uses
vanishing points as assistance, was also proposed by Kushal et al. [2002]. Assum-
ing that in the image, the two world planes are orthogonal and their common axis
of intersection is visible, two homography relationships can be obtained. Thus the
intrinsic parameters can be calculated by the properties of homography. If an axis
is invisible, then by introducing vanishing points, the effect of that axis can be
ignored and the camera intrinsic parameters can also be calculated.

In the year of 2005, the work of Wilczkowiak et al. [2005] was proposed as a fol-
low up to that of Wilczkowiak et al. [2001]. Wilczkowiak et al. [2005] proposes the
camera calibration using geometric constraints through parallelepipeds. By adding
the ideas of normalization and factorization, the intrinsic parameters can be com-
puted and the errors can be suppressed. Wilczkowiak et al. [2001] also discusses
the singularities brought by the factorization: it lists every possible solution under
different environments and then determines and presents the certain and unique
solution to every situation.

The calibration method of using three vanishing points of orthogonal directions
was proposed by Grammatikopoulos et al. [2007] who state that camera calibration
is achieved iteratively through a simultaneous least-squares adjustment of all image
points belonging to lines, which intersect in the three dominant vanishing points of
the scene, on the assumption that these correspond to orthogonal space directions.

In the same year, Wu et al. [2007] proposed the calibration method by adopting
RANSAC algorithm, vanishing points and vanishing lines. The vanishing points,
the intersection of two lines, can perform an equation set which contains the in-
trinsic parameters. Besides, the vanishing lines, the intersection of two planes, can
use another equation set which also contains the intrinsic parameters. This ensures
the unique solution of the intrinsic parameters. The RANSAC algorithm is also
adopted to eliminate the outliers and to cull the input points to improve the ac-
curateness of estimation. Besides, foot-to-head homology is used to converge the
symmetric transfer errors.

The latest work on this approach is the work of Avinash and Murali [2008] who
propose a method of camera calibration from a single image containing a rectan-
gular prism. The rectangular prism is used to generate two vanishing points for
camera calibration. Then fixing up the picture plane and fixing up the station point
are carried out. Thus the intrinsic parameters can be calculated from the formed
equation.
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Year Authors Title Contribution

1990 Caprile and Torre Using Vanishing Points for
Camera Calibration

Propose the idea of adopting
three vanishing points for cam-
era calibration from a single

image.

2000 Guillou et al. Using Vanishing Points for
Camera Calibration and
Coarse 3D Reconstruction

from a Single Image

Propose the idea of using a sin-
gle image containing two van-
ishing points and a known line

segment.

2000 Svedberg and Carlsson Calibration, Pose and Novel
Views from Single Images of
Constrained Scenes

Introducing the orthogo-
nal wedge for the camera
calibration.

2001 Wilczkowiak et al. Camera Calibration and 3D

Reconstruction from Single
Images Using Parallelepipeds

Introducing the paral-

lelepipeds. It is the extension
of Caprile and Torre [1990].

2002 Deutscher et al. Automatic Camera Calibra-
tion from a Single Manhattan

Image

Restrict the orthogonality by
adopting Manhattan images.

2002 Kushal et al. A Simple Method for Inter-
active 3D Reconstruction and
Camera Calibration from a
Single View

Propose the calibration
method by registering two
planes in the scene and using
vanishing points as assistance.

2005 Wilczkowiak et al. Using Geometric Constraints
Through Parallelepipeds for
Calibration and 3D Modeling

Propose a more thorough
study of parallelepipeds.

2007 Grammatikopoulos et
al.

An Automatic Approach for
Camera Calibration from Van-

ishing Points

Calibrate the camera through
the points in lines intersecting

at vanishing points.

2007 Wu et al. Robust Self-calibration from
Single Image Using RANSAC

Adopt RANSAC algorithm,
vanishing points and vanishing
lines for camera calibration.

2008 Avinash and Murali Perspective Geometry Based

Single Image Camera Calibra-
tion

Introduce a rectangular prism

as calibration pattern.

Table I. Major Contributions in Camera Calibration based on Vanishing Points/Lines

2.2 Calibration Based on Circles and Balls

The first work which uses circles in a single image to calibrate the camera is the
work of Fremont and Chellali [2002], who proposes the method of calibrating the
camera using one image of two concentric circles of known radii. The assumptions
of zero skew, unit aspect ratio, no distortions and square pixels are made. First, the
perspective projections of concentric circles, which are ellipses in a classic configu-
ration, are detected. Then the coefficients of the conic (the ellipse) are estimated.
Such coefficients are functions of intrinsic and extrinsic parameters as well as the
projected circle centre [Kanatani and Liu 1993]. Finally, from the n image points
of the estimated ellipse, the system can be solved.

A similar attempt is proposed by Teramoto and Xu [2002]: camera calibration
from a single view which contains three balls. The authors state that the camera
intrinsic parameters can be represented as an image of the absolute conic. The
implementation consists of following steps: (1) extract boundary for each ball and
sample 40-60 points for each boundary, (2) fit each point set by a conic, (3) choose
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Year Authors Title Contribution

2002 Fremont and
Chellali

Direct Camera Calibration Us-
ing Two Concentric Circles
from a Single Image

Calibrate the camera with two
concentric circles of known
radii.

2002 Teramoto and
Xu

Camera Calibration by a Sin-
gle Image of Balls: from Conics
to the Absolute Conic

Calibrate the camera with
three balls.

2004 Chen et al. Camera Calibration with Two
Arbitrary Coplanar Circles

Calibrate the camera with two
coplanar circles.

2005 Jiang and
Quan

Detection of Concentric Circles
for Camera Calibration

Propose a way of detecting
concentric circles and form
a correspondent calibration
method.

2006 Colombo et al. Camera Calibration with Two

Arbitrary Coaxial Circles

Calibrate the camera with two

coaxial circles.

Table II. Major Contributions in Camera Calibration based on Circles and Balls

the ball that is the forest from the image centre and estimate the focal length, (4)
normalize the image (points) with the focal length determined in (3), (5) estimate
the relative size and position of each ball, (6) optimally estimate all of the param-
eters in the normalized image.

Another method was proposed by Chen et al. [2004]: camera calibration with
two arbitrary coplanar circles, even if the centres of the circles and/or part of the
circles are occluded. After viewing the scene containing two coplanar circles, an
image with two ellipses can be obtained. Then two oblique elliptical cones can be
formed from the detected ellipses if the focal length is correct. So that the focal
length can be determined by making sure each of the formed cones is stable and is
similar to the surfaces of the real cones.

In the year of 2005, the work of Jiang and Quan [2005] was proposed as the
improvement of Fremont and Chellali [2002]: camera calibration by using planar
pattern of pairs of concentric circles. The authors introduce a geometric method
that constructs a sequence of points strictly convergent to the image of the circle
centre from an arbitrary point. The method automatically detects the points of
the pattern features by the construction method, and identify them by invariants.
It then takes advantage of homological constraints to consistently and optimally
estimate the features in the image. Then the complete system of practical and
automatic calibration method can be constructed.

In the next year, the work of Colombo et al. [2006] was proposed: camera cali-
bration with two arbitrary coaxial circles. This method is based on the automatic
localization of a surface of revolution in an single image. Colombo et al. [2006]
states that fixed entities of the imaged surface of revolution are strictly related to
the matrix of intrinsic parameters. Since cross sections are parallel circles in 3D,
they intersect at the circular points of the families of planes orthogonal to the sur-
face of revolution symmetry axis. Besides, their projection in the image are also
related to the image of the absolute conic. So that four linear constraints can be
used to compute the equation set which contains four unknowns. The assumptions
of zero skew factor and unit aspect ratio are made.
ACM Journal Name, Vol. V, No. N, Month 20YY.
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Year Authors Title Contribution

2005 Wang et al. Camera Calibration and 3D
Reconstruction from a Single
View Based on Scene Con-

straints

Camera calibration from two
line segments with equal length
or known length ratio, circle

and a vanishing point.

2008 Chen et al. Full Camera Calibration from
a Single View of Planar Scene

Calculate all intrinsic parame-
ters from two coplanar circles
and vanishing points/lines.

Table III. Major Contributions in Camera Calibration based on the Collaboration of Vanishing
Points/Lines and Circles

2.3 Calibration Based on the Collaboration of Vanishing Points/Lines and Circles

Wang et al. [2005] proposed the following method: camera calibration from a single
image which contains a man-made environment. The man-made environment is
defined as one containing three orthogonal principal directions. Wang et al. [2005]
state that the proposed method is inspired by Caprile and Torre [1990]. The authors
propose that two line segments with equal length or known length ratio on an object
can provide an additional independent constraint of the image of the absolute conic.
They use this constraint to compute the image of circular points. Four independent
linear constraints on the image of absolute conic can be obtained from the image
of circular points and a vertical vanishing point, which is the image perpendicular
to the plane of the image of absolute conic. Then an equation set, in which camera
calibration coefficients can be retrieved, can be acquired.

Recently, the work of Chen et al. [2008] proposes a method of camera calibration
from a single image containing two coplanar circles. The authors claim that it
is an improvement on the work of Chen et al. [2004]: it calculates not only the
focal length but also the principal point coordinates and the aspect ratio. The
calibration steps are listed: first, calibration-free planar rectification [Ip and Chen
2005] is performed and then extended to recover the vanishing line, the centres
of circles and orthogonal vanishing point pairs; then the distribution of the focal
length are computed from all orthogonal vanishing point pairs; next, a statistical
optimization routine is performed to estimate the focal length, the principal point
and the aspect ratio simultaneously.

2.4 Calibration Based on Symmetry

The use of symmetry in a single image to calibrate the camera was proposed by Hong
et al. [2004]. There are three steps in this method. The first is the calibration from
translational symmetry. The second is the calibration from reflective symmetry.
Hong et al. [2004] states that if the reflective symmetry is along three mutually
orthogonal directions, this method is similar to the first subsection. The last step
is the calibration from rotational symmetry.

In detail, Hong et al. [2004] focus on the fundamental matrix and construct an
equation under the epipolar constraints between pairs of hidden images. Then as
described above, they analyze it in three steps. In the first step, rotation is avoided;
and since three mutually orthogonal translations are given, three linear equations
can be determined to solve intrinsic parameters. Hong et al. [2004] claim that such
three orthogonal translations correspond precisely to the notion of ”vanishing point”
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Year Authors Title Contribution

2004 Hong et al. On Symmetry and Multiple-
View Geometry: Structure,
Pose, and Calibration from a

Single Image

Introduce the symmetry in the
image for calibration.

Table IV. Major Contributions in Camera Calibration based on Symmetry

Year Authors Title Contribution

2004 Shang et al. Analytical Method for Camera
Calibration from a Single Im-
age with Four Coplanar Con-
trol Lines

Adopt four coplanar lines in
the image for calibration.

Table V. Major Contributions in Camera Calibration based on Four Coplanar Control Lines

Year Authors Title Contribution

2007 Park Quaternion-Based Camera
Calibration and 3D Scene

Reconstruction

Adopt three known coplanar
points in the image for calibra-

tion.

Table VI. Major Contributions in Camera Calibration based on Three Known Coplanar Points

or ”vanishing line” as defined in Criminisi et al. [2000]. The second step is similar
to the first one. In the last step, the calibration matrix satisfies the normalized
Kruppa’s equation. If only the focal length is unknown, it can be retrieved from
the equation derived from the rotational symmetry.

2.5 Calibration Based on Four Coplanar Control Lines

A method of camera calibration from a single view with four coplanar control lines
was proposed by Shang et al. [2004], who use control lines rather than control
points to perform constraints. These constraints can be used to compute intrinsic
parameters. The authors claim that using control lines also brings the benefit of
suppressing the image noise so that the calibrated result is better than the analogous
method by using of control points.

Since the four coplanar control lines are obtained, they can be transformed to
four constraints with four linear equations: because a planar line is defined by
two parameters. Then combined with the homography equation sets, the unique
solution can be acquired finally.

2.6 Calibration Based on Three Known Coplanar Points

A method of camera calibration from a single image which contains three known
coplanar points was proposed by Park [2007], who defines the Heptanion as the ex-
tension of the quaternion by adding an additional part of translation vector. There-
fore the Heptanion can represent 6 DOFs (Degrees Of Freedom). By projection
model, the equation can be derived to describe the camera. The co-plane relation-
ship can provide the mapping between ground and camera image, and combining
with three known points the equation can be solved and the intrinsic parameters
can be retrieved.
ACM Journal Name, Vol. V, No. N, Month 20YY.
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3. DETAILED DISCUSSION OF THE RESEARCH

3.1 Calibration Based on Vanishing Points and Vanishing Lines

3.1.1 Caprile [1990]: Using Vanishing Points for Camera Calibration. The au-
thors appear to be the first to identify the problem that: using vanishing points to
calculate camera’s intrinsic parameters. They state that such method allows the
calculation of camera geometry by using only a single view of a calibrating pattern.
They claim that a preliminary report [Odone et al. 1986] of this work has already
been presented.

The authors refer to the work of Tsai [1987], Tsai and Lenz [1989] and Faugeras
and Toscani [1987] to introduce the method of camera calibration by viewing a
suitable calibrating pattern without using direct measurements. The authors also
refer to the work of Magee and Aggarwal [1984], Pacioli [1956] and Francesca [1942]
to state properties of vanishing points they use for camera calibration. Besides, the
authors state that the idea of using vanishing points to locate objects in space or
to recover the extrinsic parameters of a pair of images has already been suggested
by Odone et al. [1986], Nagy and Falsafi [1988] and Jiang and Chen [1987].

The authors propose that the orthocenter of the triangle with vertexes in the
three vanishing points is the intersection of the optical axis and the image plane as
the requisite to estimate the intrinsic parameters. Then at first the authors pro-
pose the way of determine the ratio between the values of the focal length of the
device expressed in Y-pixel and in X-pixel units by counting pixels on the screen;
next, based on the ratio obtained before and equation sets derived from properties
of vanishing points, the authors claim that the rest intrinsic parameters can be
calculated; at last, the authors propose that if the cube is the main object in the
scene, the accuracy in the localization of the three vanishing points in the image of
the calibrating cube increases if the cube is positioned so that its visible faces form
with the image plane an angle as close to 45 degrees as possible.

The authors perform three experiments. The first experiment is to compare the
value of rotation and translation as obtained by proposed calibration procedure
with values of rotation and translation measured by direct techniques, the authors
compare different data sets since the rotation angle and translation length both can
be set to a fixed number within certain absolute error range. The second experi-
ment is to control viability for stereo matching of the epipolar constraint based on
calibration data, which is designed to establish whether the calibration parameters
are precise enough to provide a good exploitation of the epipolar constraint. The
authors reproduce a pair of images of objects on a table, then determine when the
two images are re-projected on a plane through the optical centres of the two cam-
eras, whether conjugate points on the two images lie on parallel lines which are the
i rectified conjugate epipolar lines. The last experiment is to estimate the length of
a known segment by a stereo algorithm which uses the obtained calibration data.
It aims to check the accuracy of the metrology that can be obtained with a stereo
system using the proposed technique for calibration. The measurement method is
based on simple triangulation principles assuming the segment is almost orthogonal
to the optical axis of the cameras. The authors also state that the proposed algo-
rithm for camera calibration complements has already been presented in Faugeras
and Toscani [1987], Lenz and Tsai [1987] and Tsai [1987].

ACM Journal Name, Vol. V, No. N, Month 20YY.
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The authors claim that the method they proposed has been tested and is exten-
sively used in several national laboratories and provides calibration data with the
accuracy adequate for metrology and stereoscopic vision. They also claim that this
technique, which does not require the solution of a nonlinear system of equations,
can be performed almost in real time.

The authors claim that they are the first to introduce this method and they do
not perform any comparison with other methods.

3.1.2 Guillou [2000]: Using Vanishing Points for Camera Calibration and Coarse
3D Reconstruction from a Single Image. The author claim that for most IBM
(Image-based Modeling Techniques), camera calibration is needed. Then they pro-
pose a camera calibration technique which uses only one image without any calibra-
tion pattern. The assumptions for the proposed method, claimed by the authors,
are: a single real image which contains two vanishing points, a known line segment
in the image, the principal point which lies in the centre of the image and the user-
fixed aspect ratio.

The authors refer to the work of Haralick [1999] and indicate that Haralick [1999]
does not explicitly make use of vanishing points but use a similar idea. Then the
authors refer to the work of Caprile and Torre [1990] to introduce the idea of cali-
brating a camera through vanishing points. Next, the authors refer to the work of
Shigang et al. [1990] which is under certain assumptions. Chen and Jiang [1991]
is also introduced for its calibrating group idea. Wang and Tsai [1991] employs a
hexahedron as a calibration target to generate a vanishing line of the ground plane.
At last, the authors introduce the work of Liebowitz et al. [1999] for its usage of
three vanishing to calibrate the camera.

The authors propose that in order to determine two vanishing points, two sets
of parallel lines, by which two basic vectors within world coordinate system are
defined, are selected manually. If these two vectors are perpendicular, the third
vector can be computed as the cross product of anterior vectors. Therefore, a van-
ishing plane and another plane, which is assumed not parallel to the image, can
be formed. Since the principal point is fixed and a segment of certain length is
known, the exact value of focal length can be computed from simple Euclidean
geometry and transformation of trigonometric functions. The authors denote that
the resolution of used single image must be high in order to achieve precision since
the vanishing points are chosen manually. Authors also claim that vanishing points
can be extracted automatically ([Brillault-O’Mahony 1991] and [Tai et al. 1993]).

The authors first use a scanned image and manually select two sets of parallel
lines, so that the two vanishing points can be determined. Then the authors perform
the calibration routine to calibrate the camera. Through recovered camera intrin-
sic parameters, 3D reconstruction of the objects depicted are performed. Next, the
authors apply an image shot by a classical camera with already accurately known
intrinsic parameters. Then two vanishing points are selected and calibration rou-
tine is executed. Once the recovered intrinsic parameters are acquired, the authors
compare the recovered parameters with previously and precisely known parameters.

The author claim that regarding to the 3D reconstruction from the first scanned
image, the quality of the reconstruction is acceptable. To the experiment related
to the second image, the author claim that the manual selection of parallel lines
ACM Journal Name, Vol. V, No. N, Month 20YY.
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is sufficiently precise. The authors also claim that an error of 50 pixels, which
appears in the experiment, is not noticeable since it entails an error of 0.05cm on
the calculated focal length. What’s more, they state that their method is robust.

The authors claim that they are the first to introduce this method. In compared
to Shum et al. [1999], Parodi and Piccioli [1996] and Liebowitz et al. [1999], the
authors claim that their work needs less image and less vanishing points and is
pattern-free so that their work is more practical. The authors suggest to limiting
computation time by applying C/C++ programming language.

3.1.3 Svedberg [2000]: Calibration, Pose and Novel Views from Single Images
of Constrained Scenes. The authors state that a central problem in image-based
rendering, explicit 3D reconstruction and so on is of camera calibration. The au-
thors also state that generally the 3D structure of a scene is constrained. If these
constraints can be identified, they can be exploited in the calibration and recon-
struction process. Thus, the authors propose the problem: camera calibration from
a single image with a right-angle corner constraint.

The authors refer to the work of Liedtke et al. [1995] and Faugeras et al. [1998]
to demonstrate that the identified constraints in a 3D scene can be exploited in
the calibration and reconstruction process. The authors also refer to the work of
Sugihara [1986] and Rothwell et al. [1993], and based on them, the authors claim
that if the scene is constrained, a single image can provide a substantial amount
of information for camera calibration and 3D reconstruction. Besides, the authors
refer to the work of Seitz and Dyer [1996] and Vetter and Poggio [1997] to intro-
duce the method of novel view synthesis by using bilateral symmetry constraint in
single images. At last, the authors refer to the work of Caprile and Torre [1990] to
introduce the idea related to the vanishing points and claim that their method is
derived from the use of vanishing points.

The authors state that exploiting the constraint of a right-angle corner in the
scene can perform camera calibration from a single perspective image of a building
without assuming any metric 3D information about the corner. The method relies
on the use of vanishing points for calibration and pose estimation as originally pre-
sented in Caprile and Torre [1990] and is in conjunction with a specific constrained
and perspective camera model. The two image coordinate axes of a camera are
orthogonal and have the same scale factor. The method is to use the seemingly
orthogonal wedge, which is defined as two rectangular planes intersecting at right
angles, as a reference structure. Such wedge is assumed to behave the way straight-
angle corners do. Thus it is possible to imagine new views. The way of choosing a
reference structure to imagine new views is equivalent to camera calibration. The
authors assume that the camera is orthogonal.

The authors propose that the constraint of a right-angle corner brings two iden-
tified orthogonal planes. These two planes can set a left-handed system with co-
ordinate directions along the edges of the wedge. In consequence, the intrinsic
parameters can be obtained by using vanishing points. These vanishing points
are extracted from the projections of the intersections, which are from the parallel
edges of the rectangular 3D planes. The determination of vanishing points brings
three quadratic constraint equations for the unknown camera parameters. Then,
pair-wise subtraction is applied so that two linear homogeneous equations for two
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known principal point coordinates. At last, SVD (Singular Value Decomposition)
is applied to determine the scale factor.

The authors perform experiments with two real images to test the method. These
images are taken from a digital camera. The right-angle corners are extracted from
each image to perform the calibration process. After the calibration, the 3D recon-
struction and texture mapping are applied as the result of experiments.

The authors claim that the calibration result can be used to perform correct
3D reconstruction. The authors also state that an exact camera calibration is not
necessary to produce realistic-looking novel views.

The authors claim that they are the first to introduce this method. They do not
compare their work with the others.

3.1.4 Wilczkowiak [2001]: Camera Calibration and 3D Reconstruction from Sin-
gle Images Using Parallelepipeds. The authors propose the calibration method by
using the single image which contains parallelepipeds. They claim that a subclass
of parallelepipeds, the cuboids, has been used over the past to partially calibrate
the camera. They also claim that they exploit the features of parallelepipeds to
invent the proposed method.

The authors refer to the work of Caprile and Torre [1990] to introduce the cal-
ibration method by using cuboids, which are parallelepipeds with right angles, to
estimate some camera parameters. However, the authors state that computing
vanishing points and lines in the image is numerically unstable. Moreover, dealing
with individual vanishing points does not allow to fully exploit the redundancy
contained in all the vanishing points stem from the projection of a single paral-
lelepiped. Besides, the authors refer to the work of Malis and Cipolla [2000], Sturm
and Maybank [1999], Triggs [1998] and Zhang [2000] to introduce the calibration
method by using planar patterns and homography. The authors state that their
method is a generalization of plane-based methods with metric information to 3D
parallelepiped patterns. What’s more, the work of Chen et al. [1999] is referred to
introduce the 3D reconstruction by using cuboids. The work of Chen et al. [1999] is
also referred to introduce the camera calibration in augmented reality applications
by using parallelepipeds.

The authors state that their approach is based on the duality between the in-
trinsic parameters of a camera and those of a parallelepiped. Given an image of a
parallelepiped, each known intrinsic parameter of either camera or parallelepiped
gives a constraint on the parameter sets of both entities. Based on such constraint,
intrinsic parameters can be calculated through formed equation set.

The authors state that the proposed method does not compute explicitly vanish-
ing points but first estimates the best projection matrix such that the defined image
points correspond to a parallelepiped in space. The error between re-projected and
measured image points is minimized, so that the intersection of lines is avoided, and
all information is used simultaneously. From this projection matrix and a priori
knowledge on the parallelepiped, such as angles, length ratios and so on, the con-
straints on the intrinsic parameters can be derived. The authors claim that most of
these constraints are linear. These constraints are then used to compute intrinsic
parameters.

The authors conduct experiments with synthetic and real data. In simulation,
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the authors evaluate the sensitivity of the calibration method in the presence of
noise. The information of right angles is applied as the priori information. In the
experiment with real images, the reconstruction, which based on the calibration, is
performed to test the method.

The authors claim that their method is effective and accurate.
The authors claim that they are the first to propose this method. They do not

compare their work with others.

3.1.5 Deutscher [2002]: Automatic Camera Calibration from a Single Manhat-
tan Image. The authors refer to the work of Coughlan and Yuille [1999], and based
on it, the authors propose the problem: camera calibration from a single image
which is assumed to satisfy a Manhattan world. The Manhattan world assumption
is introduced by Coughlan and Yuille [1999] to model scenes in which edges lie pre-
dominantly in three orthogonal directions. The authors claim that this assumption
is often satisfied by outdoor or indoor views of man-made structures and environ-
ments.

The authors refer to the work of Faugeras [1993], Tsai [1987] and Zhang [2000]
to introduce the calibration strategy of applying calibration patterns. The authors
also refer to the work of Hartley and Zisserman [2003] to introduce the calibration
method of inferring a camera calibration in parallel with scene geometry from a
sequence of images of rigid structures. Besides, the authors refer to the work of
Coughlan and Yuille [1999] to introduce the idea of the Manhattan world assump-
tion and the Manhattan framework. What’s more, the authors refer to the work of
McLachlan and Basford [1988] to introduce the stochastic search algorithm which
performs mixture density estimation in an annealing framework. At last, the au-
thors refer to the work of Caprile and Torre [1990], Kanatani [1992], Cipolla et al.
[1999] and Antone and Teller [2000] to introduce the idea of using vanishing points
or vanishing edges.

The authors propose the calibration method with a single image fitting the Man-
hattan world assumption. The authors make use of the Manhattan framework and
combine it with a stochastic research algorithm to estimate the focal length and
alignment of an unknown camera given a single image of a Manhattan scene. The
authors claim that by using a likelihood model for the image together with Bayesian
inference, all of the image data without a separate edge-detection and clustering
stage can be incorporated. Besides, the authors claim that this method exploits
the orthogonality constraint explicitly to compute a joint estimate of the three van-
ishing points rather than trying to enforce orthogonality and estimate the intrinsic
parameters after the vanishing points have been found.

The authors first construct a parameter vector which contains the rotation coef-
ficients and focal length in pixels. Because estimation of the principal point of a
camera is very sensitive to noise ([Hartley and Zisserman 2003]), the authors as-
sume that the principal point is at the centre of the image. Besides, the authors
assume no radial distortion. Then the authors apply the Manhattan Likelihood
to make it be decomposed into a product of independent likelihoods. These likeli-
hoods represent the probability if points or edges in the scene can be mapped to the
image. Since the overall sum value for those likelihoods is 1, the stochastic search
algorithm can be adopted iteratively to estimate the density. At last the optimized
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estimation of intrinsic parameters can be retrieved from such search algorithm.
The authors perform experiments by using three different digital cameras, and

choosing two focal-length settings for each camera giving six distinct internal cal-
ibrations in all. The authors first calibrate the camera by the code provided by
Bouguet [2001] as the reference. Then the authors perform their proposed method
to calibrate the camera from a number of images in an office building. Some of the
images can be termed as two types of poorly-conditioned images. The first type is
the one in which the vanishing points cannot be easily inferred due to the lack of
oriented edges or textures in the image. The second type is the one in which two
of the three vanishing points corresponding to orthogonal directions are at infinity.
At last the two sets of calibration data from two methods are compared.

The authors claim that experiments with some images conduct poor calibration
results. The authors then claim that these poor results are because of the poorly-
conditioned images. The authors also claim that the calibration results obtained
through proposed method are less accurate than those from standard methods em-
ploying a calibration pattern or multiple images. However, the authors state that
the outputs with proposed method are certainly good enough for common vision
tasks such as tracking.

The authors claim that they are the first to address this problem. The authors
also claim that their method is of less accuracy compared with standard meth-
ods such as the methods applying a calibration pattern or multiple images. The
authors state that this method can be applied automatically and without use of
a calibration pattern, which can be considered as the advantages of the proposed
method.

3.1.6 Kushal [2002]: A Simple Method for Interactive 3D Reconstruction and
Camera Calibration from a Single View. The authors claim that 3D reconstruction
from a single image must necessarily be through an interactive process, where the
user provides information and constraints about the scene structure. Then the au-
thors propose the method of 3D reconstruction from a single image by registering
two planes in the scene. Meanwhile, the authors propose the problem: camera
calibration from a single image through the registration of two planes.

The authors refer to the work of Horry et al. [1997], Criminisi et al. [2000],
Liebowitz et al. [1999] and Cipolla and Robertson [1999] to introduce the method
of embedding vanishing points or lines to the single image. The authors also re-
fer to the work of Sturm and Maybank [1999] to introduce the method of adding
planarity to the single image. Besides, Debevec et al. [1996] and Grossmann et al.
[2002] are referred for the addition of spatial inter-relationship of features. What’s
more, Wilczkowiak et al. [2001] is been referred by the authors to introduce the
camera constraints.

The authors propose the method for 3D reconstruction and camera calibration
from a single image based on the registration of two planes. This method is based
on computation of homography from two world planes to the image, which can be
accomplished more easily and reliably than computing vanishing points and lines.
The user needs to identify the two planes by clicking a rectangle on each. After the
indication of two planes, the camera intrinsic parameters can be calculated.

The authors first discuss the situation where the two world planes are orthogonal
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and their common axis of intersection is visible in the image. Then two homography
relationships can be obtained. These two homography have two crucial properties:
the third column of both the homography relationships are equal up to the scale
factor and the first column of both are equal up to the scale factor. Based on these
two properties, camera parameters, up to a scale factor, can be acquired. According
to the previously computed rotation matrix and translation vector, the scale factor
can be eliminated. Then, the authors extend the method to the situation when two
planes are orthogonal but the common X axis is not visible. The authors assume the
coordinate by assigning a temporary X axis. Then by introducing vanishing points,
the effective of X axis can be ignored and the camera intrinsic parameters can be
calculated. Besides, the authors also discuss the situation when the two planes are
not orthogonal, however, camera calibration routine is not been involved.

The authors perform the experiment by two sets of images. The first set includes
10 images of a laboratory scene. The height of an object is accurately measured.
Then, camera calibration and 3D reconstruction are executed to obtain the recov-
ered height, which is to compare with the authentic one. The second set is an
outdoor image depicting a human. Similarly, the height of the human is been re-
trieved and the retrieved data is compared with authentic one.

The authors claim that the average error in the calculation of the height, when
dealing with first image set, is 0.9%. When the object is switched to a larger one,
the average error is 0.89%. As the second image set, the average error of acquiring
a human’s height, as claimed by the author, is 0.38%. The authors thus claim that
these results demonstrate the applicability and robustness of the method.

The authors claim that they are the first to propose this method. The authors
also claim that the proposed method can be accomplished more easily and reliably
than computing vanishing points and lines.

3.1.7 Wilczkowiak [2005]: Using Geometric Constraints Through Parallelepipeds
for Calibration and 3D Modeling. The authors refer to the work of Faugeras [1992]
and claim that prior information on the acquisition process or on the scene is re-
quired to recover a Euclidean reconstruction. The authors claim that such prior
knowledge does not only solve the projective ambiguity in the reconstruction but
do also usually stabilize the sensitive reconstruction process. Furthermore, it often
leads to simple and direct solutions for the estimation of camera parameters, which
may eventually be adjusted non-linearly for higher accuracy. Based on it, the au-
thors propose the problem: camera calibration using geometric constraints through
parallelepipeds.

The authors first refer to the work of Tsai [1986] to introduce the approaches
based on calibration pattern. The authors claim that such approaches rely on
specific acquisition systems and are thus seldom available in general situation.
Then the authors refer to the work of Maybank and Faugeras [1992], Triggs [1997],
Hartley [1994] and Pollefeys and Van Gool [1997] to introduce the standard self-
calibration algorithms. Although efforts have been made to dealt with the self-
calibration method’s shortcoming: no unique solution, by restraining the camera
motions ([Hartley 1997], [De Agapito et al. 1999] and [Armstrong et al. 1994]) or
by incorporating prior knowledge on the camera ([Zisserman et al. 1998]) or on
the scene, the authors still claim that a large number of images is usually nec-
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essary. Next, the authors refer to the work of Hartley and Zisserman [2003] to
introduce the approaches based on scene structure and camera motion. However, it
decreases the accuracy of the results. At last, the authors introduce the approaches
by incorporating Euclidean scene constraints through vanishing points of mutually
orthogonal directions as defined by known cubical structures ([Caprile and Torre
1990], [Cipolla and Boyer 1998] and [Chen et al. 1999]) or by dominating scene
directions ([Kosecka and Zhang 2002]). The authors claim that such approaches
inspire their work. The authors state that their previous work of Wilczkowiak et al.
[2001] and Wilczkowiak et al. [2002] has been synthesized in this paper.

The authors claim that a factorization-based approach is used to compute intrin-
sic parameters. First, the canonical projection matrices are been estimated, then
missing data matrices is computed. Next, missing data matrices are been normal-
ized to unit determinant. Then construct the measurement matrix and compute
its SVD. Extract the matrices U and V . Then establish a linear equation system
Z based on prior knowledge and solve it to least squares. If Z is positive definite,
intrinsic matrix can be extracted from UT−1 and TV T using e.g. QR decomposi-
tion.

The authors state that parallelepipeds are frequently present in man-made envi-
ronments and they naturally encode the scene’s affine structure. First, the authors
analysis the situation when there is one parallelepiped in a single view, then the
authors extend it to m parallelepipeds in n views. Then the authors introduce the
idea of factorization so that the intrinsic matrix can be retrieved after a series of
matrices transformation. The authors also discuss about the singularities brought
by the factorization: they list every possible solutions under different environments
and then determine and present the certain and unique solution to every situation.

The authors perform two sets of experiments: experiment with synthetic data
and experiment with real image. In the experiment with synthetic data, tests,
which are under fixed and known environments, are performed for different ori-
entations of the parallelepiped. In the experiment with real images, the authors
apply their method to indoor and outdoor scenes. The authors first determine the
parallelepipeds contained in every image and then perform the calibration routine.
The calibration quality is judged through the reconstruction, which is relied on the
calibration result.

The authors claim that in simulation, calibration fails often for orientations with
10o of the singular ones. However, for the intermediate range of orientations, the
relative error of calibration is smaller than 5% when the parallelepiped covers more
than 20% of the image. They also claim that results in case of successful calibration
are slightly better for the parallelepiped method. To the experiment with real data,
the authors claim that the proposed calibration approach gives excellent initial re-
sults for general 3D model reconstruction methods.

The authors claim that they are the first to introduce this method. The authors
do not compare their work to others.

3.1.8 Grammatikopoulos [2007]: An Automatic Approach for Camera Calibra-
tion from Vanishing Points. The authors state that the use of vanishing points
refers essentially to camera calibration. The authors refer to the work of Brauer-
Burchardt and Voss [2001], Caprile and Torre [1990], Cipolla et al. [1999], Liebowitz
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et al. [1999], Sturm and Maybank [1999] and Van Den Heuvel [1999] to introduce
the problem: using three vanishing points of orthogonal directions for camera cali-
bration.

The authors refer to the work of Karras et al. [1993] and Liebowitz et al. [1999] to
demonstrate that two vanishing points of orthogonal space directions cannot provide
sufficient information to perform full camera calibration. However, if additional in-
formation is provided, full camera calibration is possible ([Grammatikopoulos et al.
2004]). The authors claim that their work is against such background. The work
proposed by the authors relates particularly to those of Becker and Bove [1995],
Brauer-Burchardt and Voss [2001] and Van Den Heuvel [1999].

The authors state that the camera calibration is achieved iteratively through a
simultaneous least-squares adjustment of all image points belonging to lines, which
intersect in the three dominant vanishing points of the scene, on the assumption
that these correspond to orthogonal space directions. Extraction of line segments
and their association with particular vanishing points runs automatically based on
a modified approach of the work of Rother [2000], while edges are linked anew after
the first estimation of lens distortion.

The authors first obtain vanishing points as the common points of concurring
lines free from distortion. Then, six image coordinates of the vanishing points of
three orthogonal directions supply an equal number of equations, in which the cam-
era intrinsic parameters can be retrieved. The authors also dealt with the situation
when there are more than three vanishing points available by introducing the ad-
justment process. This adjustment process is iterative: the estimated coefficients
of radial distortion are used to correct the initial (distorted) extracted edge points,
which is used to determine the camera parameters.

The authors perform the experiment to evaluate with two groups of images taken
with different cameras. These images are typical terrestrial ones so that vanishing
points are far from image centre, which approaches commonly existing practical
conditions. First, lines and edges are extracted and grouped. Then, after the ex-
traction of vanishing points, calibration routine has been applied to calibrate the
camera. At last, errors of different sets of acquired data have been listed and com-
pared.

The authors claim that calibration data obtained automatically from vanishing
points on single images with no geodetic control allows to perform scene recon-
struction with a mean accuracy not worse than 1 pixel in object space. Besides,
the authors claim that the presented tests indicate that this automatic single image
calibration approach through vanishing points shows good consistency and the data
acquired from this approach fits for tasks of moderate accuracy requirements.

The authors claim that they are the first to introduce this approach. They do
not compare their work with others. They also claim that the accuracy of the ap-
proach depends on image noise, possible deviations of lines from orthogonality and
parallelism, and the distribution of image lines over the frame, their length and the
particular perspective distortion of the imaged scene.

3.1.9 Wu [2007]: Robust Self-calibration from Single Image Using RANSAC.
The authors refer to the work of Maybank and Faugeras [1992] and Hartley [1994]
to introduce the methods of computing the calibration for multiple images. Then
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the authors propose the alternative method: camera calibration from a single image
by using RANSAC algorithm, vanishing points and vanishing lines. The authors
claim that the proposed method is more useful in the reality.

The authors refer to the work of Maybank and Faugeras [1992] to introduce the
camera calibration method by using Kruppa’s equation. Then the authors refer to
the work of Hartley [1994] to illustrate how to calibrate a camera from pure rota-
tion which is based on recovered homography. The authors also refer to the work
of Triggs [1998] to introduce the camera calibration method through planar scenes
constraints. The authors claim that through the proposed method, both intrinsic
and extrinsic parameters can be retrieved just from the information of point in
single image. Moreover, the authors state that under the assumption of obtaining
the image by perspective projection, vanishing line and vanishing point of parallel
planes are useful features. Hence the work of Liebowitz and Zisserman [1999] is
referred to demonstrate the scene constraints by using vanishing points of orthog-
onal directions and rectified planes. Besides, the work of Lv et al. [2002] is been
introduced, which uses the horizon line and the vanishing point by tracking a mov-
ing human in the scene to get an approximate solution under some assumptions.
What’s more, the authors refer to the work of Krahnstoever and Mendonca [2005]
to introduce the attempt to handle the noise models in the data for self-calibration
by using homology and Bayesian solution.

The authors propose the camera calibration method by vanishing points and
vanishing lines. The vanishing points, the intersection of two lines, can perform an
equation set which contains the intrinsic parameters and rotation angles. Besides,
the vanishing lines, the intersection of two planes, can perform another equation
set which also contains the intrinsic parameters and rotation angles. This ensures
the unique solution of the intrinsic parameters. The method also adopts RANSAC
algorithm to eliminate the outliers and to cull the input points to improve the ac-
curateness of estimation. Besides, foot-to-head homology is used to converge the
symmetric transfer errors.

The authors first acquire the equation set which is to represent the vanishing
points. After the transformation, such equation set can be rewritten in Cartesian
coordinates. Next, the equation set of the vanishing lines is introduced. These
lines are set to be parallel to the ground. Right now the solution for camera cali-
bration can be retrieved. The authors state that the information in the vanishing
point, vanishing line and homology are equivalent to the information contained in
the classical projection model. Knowledge of one can be used to recover the other.
However, the computed result is of sensitivity. Therefore, in order to make the
result be robust, RANSAC algorithm, which is a random sampling procedure and
is used to eliminate the outliers from a large number of samples, is introduced to
estimate the vanishing point, vanishing line and homology.

The authors conduct the experiments with synthetic data and real data. In sim-
ulation, some vertical poles are randomly inserted on the ground plane to facilitate
the execution of the method. The comparison of estimation and ground truth for
different values of the noise standard deviation and the comparison of original esti-
mation and estimation with noise reduction are presented. In the experiment with
real data, four images taken from different focal lengths are used. The result is
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compared with the result taken by the method from Zhang et al. [1997] to verify
the accuracy.

The authors claim that in simulation, as the increase of noise, the mean of results
have more bias with larger standard deviation. However, the errors of mean and
standard deviation after noise reduction are much less than the original ones. The
authors thus state that the noise reduction procedure is effective. In the exper-
iment with real data, the authors claim that if the scenes in the images are not
perspective enough, a little noise at locations of heads and feet can cause large
errors. Therefore, the authors suggest that the images containing perspective scene
should be used to obtain a better result.

The authors claim that they are the first to introduce this method. They also
claim that their method is robust and effective when the scene of input image is
perspective. They do not state the result of the comparison with others’ methods.

3.1.10 Avinash [2008]: Perspective Geometry Based Single Image Camera Cal-
ibration. The authors seem to be the first introducing the method: camera calibra-
tion from a single image containing a rectangular prism. The rectangular prism is
used to generate two vanishing points for camera calibration.

The authors refer to the work of Slama et al. [1980] to introduce the classical
approach by minimizing a nonlinear error function. The authors also refer to the
work of Tsai [1987] as the amelioration of Slama et al. [1980] through closed-form
solution. Besides, the authors introduce the work of Caprile and Torre [1990],
Wang and Tsai [1991] and Brauer-Burchardt and Voss [2001] to illustrate the use
of vanishing points of parallel lines drawn on the faces of a cube for camera cali-
bration. Next, the work of Willson and Shafer [1994] is been referred to introduce
the idea of enclosing definitions for the centre of focus as the centre of the field of
vision. This is also the optical centre of the lens used in the camera for acquiring
the image. At last, the authors referred to the work of Zhang [2000] to introduce
the most widely used algorithm of calibrating a camera through multi-views of a
simple planar pattern.

The authors propose the method of applying a rectangular prism as the target
to calibrate the camera. Based on the geometry of the perspective distortion of
the edges of the prism from the image, vanishing points can be retrieved. Then
fixing up the picture plane and fixing up the station point is carried out. Thus the
intrinsic parameters can be calculated from the formed equation.

The authors first bring the image plane into the regular convention by shifting
the image with the height of the image. Then the authors manually determine
two vanishing points of parallel edges. Then the connection line between these two
vanishing points is determined. Through simple triangle geometry the station point
can be determined. The focal length is the perpendicular dropped to the picture
plane, which is defined by a line parallel to the connection line. The principal point
coordinates can also be determined as the intersection of the horizon line and the
line which goes through the station point and is perpendicular to the picture plane.

The authors conduct two experiments. The first is by a 45 degree orientation of
the calibration object. The second is by a rectangular prism with one face having a
checker board. The rectangular prism acts as the calibration object and the checker
board pattern acts as the calibration object for the compared algorithm ([Zhang
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2000]).
The authors state that the result obtained by proposed method is almost the

same compared to the algorithm ([Zhang 2000]), and it is analytical and straight-
forward and non iterative. The disadvantage of the proposed method, the authors
claim, is that such method requires a specific setup: the orientation of the rectan-
gular prism should be known.

The authors claim that they are the first to introduce this idea. They compare
their work to the work of Zhang [2000] and claim that the proposed work is fast and
requires only one image, however the orientation of the calibration object should
be aware of before the calibration, which the work of Zhang [2000] does not need
it.

3.2 Calibration Based on Circles

3.2.1 Fremont [2002]: Direct Camera Calibration Using Two Concentric Cir-
cles from a Single Image. The authors state that the most important stage of the
modelling is the calibration stage. The authors claim that assuming zero skew, unit
aspect ratio, no distortions and square pixels are appropriate for modern cameras.
Then, the authors propose the problem: calibrating the camera using only one im-
age of two concentric circles of known radii.

The authors state that calibration methods are divided into two categories: cal-
ibration using calibration pattern and self-calibration methods. The authors refer
to the work of Tsai [1987] and Zhang [1999] to illustrate the fist category and define
the calibration pattern as a 3D object of known geometry with a known position in
the space. Then the authors refer to the work of Triggs [1997] to demonstrate the
self-calibration methods and refine such methods as absolute quadric estimation
over a sequence of images. The authors criticize the calibration using calibration
pattern that when using a calibration pattern, the precision of the parameter es-
timation is related to the accuracy of the image measurements of the calibration
pattern, and the algorithm needs a large set of image points to converge using a
non-linear optimization ([Faugeras 1993]).

The authors propose to calibrate the camera using only one image of two con-
centric circles of known radii. First, the perspective projection of concentric circles,
which are ellipses in a classic configuration, are detected automatically using the
Hough transform based algorithm ([Kanatani and Ohta 2004]). Then the coeffi-
cients of the conic, or say the ellipse, are estimated using standard conic fitting
algorithm ([Fitzgibbon et al. 1999] and [Zhang 1997]). The authors state that such
coefficients are function of intrinsic and extrinsic parameters as well as the pro-
jected circle centre ([Kanatani and Liu 1993]). At last, from the n image points of
the estimated ellipse, the system will be over-determined.

The authors first introduce the pin-hole projection model. Then by introduc-
ing the ellipse constraint, the ellipse fitting algorithm ([Fitzgibbon et al. 1999]) is
applied to estimate the conic coefficients. Next, since the projected circle centre
is different from the ellipses’ centres, a new projective invariant, which is that the
centre of projected concentric circles always lies on a line defined by the ellipses’
centres under any projective transformations ([Kim et al. 2002]), for the projection
of concentric circles, is been introduced. The authors then define the cross-ratio of
four aligned points. This cross-ratio is been used to extract the image coordinates
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of the projected circle centre. Following is the definition matrix of the principal
ellipse ([Kanatani and Liu 1993]). Once the n image points of the estimated ellipse
are determined, the over-determined system can be constructed and this system
can be solved by the least square pseudo-inverse technique.

The authors perform two kinds of experiments: experiments with synthetic im-
ages and experiments with real images. During the experiments, ellipses are fitted
by a direct least square method ([Fitzgibbon et al. 1999]). In the simulation, noise
is added to the synthetic images and relative errors of intrinsic parameters are ac-
quired. In the experiments with real images, the ellipses are detected using the
method provided by Kanatani and Ohta [2004]. The results are compared with the
calibration method proposed by Tsai [1987] and these results are used to re-project
principal circle.

The authors claim that during the experiments, the proposed method shows
comparable performances with the existing calibration algorithm. The authors also
claim that this calibration method is well-suited to the 3D reconstruction problem
from an image sequence of an object placed on a turn-table by using the table as
the calibration pattern.

The authors claim that they are the first to address this problem. They claim
that their method is of comparable performances.

3.2.2 Teramoto [2002]: Camera Calibration by a Single Image of Balls: from
Conics to the Absolute Conic. The authors state that camera calibration is neces-
sary if one is to obtain metric information from images. Then the authors refer to
the work of Penna [1991] to introduce the calibration method by using balls. The
authors propose the similar problem: camera calibration from a single view which
contains three balls.

The authors state that their method belongs to the category of approaches
by observing a predesigned calibration object whose geometry is known precisely
([Faugeras 1993], [Tsai 1986] and [Wei and Ma 1993]). The authors refer to the
work of Penna [1991] and state that Penna [1991] is the first attempt to use ball
to calibrate the camera. The authors also state that Penna [1991] only tries to
compute the aspect ratio of the two image axes. The authors then refer to the
work of Beardsley et al. [1992] to demonstrate that by rotating objects which have
parallel lines, the trajectories of vanishing points are ellipse when calibrating cam-
eras by vanishing lines. Next, the authors refer to the work of Daucher et al. [1994]
to introduce a separate effort toward camera calibration, which brings the similar
result compared with the work of Beardsley et al. [1992].

The authors state that a ball’s image is a ellipse. The authors also state that
the camera intrinsic parameters can be represented as the image of the absolute
conic (IAC). The authors present an algorithm to optimally compute the camera
intrinsic parameters and the relative size and position of each ball from the image
of balls. The implementation consists of following steps: (1) extract boundary for
each ball and sample 40-60 points for each boundary; (2) fit each point set by a
conic; (3) choose the ball that is the forest from the image centre and estimate the
focal length; (4) normalize the image (points) with the focal length determined in
(3); (5) estimate the relative size and position of each ball; (6) optimally estimate
all of the parameters in the normalized image.
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The authors assume the camera is a pinhole. Then the authors build up the
model which describes the projection of a ball in the scene. The boundary of the
ball and the camera’s focal point forms a circular cone, whose intersection with the
image plane becomes an ellipse. Then the projection equation can be obtained.
Assuming that the ball is with the unit radius, the conic can be represented by
the equation of the image of the absolute conic and the rotation matrix. From this
equation the camera intrinsic parameters can be uniquely determined. Since every
ball provides 2 constraints fitting the intrinsic parameters, in order to solve the
equation, at least 3 balls are needed to find out the solution for 5 intrinsic param-
eters. Then the authors use the Leverberg-Marquartd algorithm to optimize the
rough intrinsic parameters. The authors claim that the success of convergence to
the global minimum depends on good initial estimates of the parameters. What’s
more, in order to be more numerically robust, the authors normalize the image
first by the initial estimate of the intrinsic matrix, then optimally estimate the
parameters over the normalized image, and finally transform the obtained intrinsic
parameters back to their original domains.

The authors first perform the simulated experiment. The authors generate a
simulated scene containing three balls. After successfully obtaining the optimized
results, the estimated parameters and their estimated variances are projected back
to the original digital image domain. The whole process is implemented separately
under three different Gaussian noise levels. The overall results are compared with
the authenticated data. Next the authors conduct the experiment with real images.
The obtained result is also compared with the authenticated data.

In the simulation, the authors claim that the larger the Gaussian noise, the more
the computed values deviate from the true values, and the larger the computed
covariance. The authors also claim that the closer the balls are to the image cen-
tre, the more the computed values deviate from the true values. In the experiment
with real images, the authors claim that the results are promising and the algorithm
they proposed is robust. Overall, the authors claim that the proposed algorithm is
effective.

The authors claim that they are the first to address this problem. They do not
compare their method with the others.

3.2.3 Chen [2004]: Camera Calibration with Two Arbitrary Coplanar Circles.
The authors claim that for camera calibration, the usage of point corresponding
data can be avoided by using geometrical patterns such as straight lines and circles
instead. The authors claim that to previous calibration methods by circular pat-
terns, multi-view is needed. The authors thus propose the problem: single image
camera calibration by circles.

The authors refer to the work of Meng and Hu [2003] to introduce the method
by using a pattern that consists of a circle and straight lines passing through its
centre. This method needs at least three different views. Then the authors refer
to the work of Kim et al. [2002] and Yang et al. [2000] to demonstrate the method
that makes use of planar concentric circles or concentric ellipses. They require two
views. Next, the authors refer to the work of Quan [1996] to introduce the method
which is to find the correspondence between conics in two views, and to estimate
the relative orientation of the optical axis of two views. Besides, the work of Dhome
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et al. [1990] is referred for the methods of estimating the attitude and the position
of a circle from an image assuming known focal length and radius. What’s more,
the work of Kanatani and Liu [1993] and Liu and Kanatani [1993] is been referred
to introduce the method which is to extract 3D information from conics in images
when the intrinsic and extrinsic camera parameters are supposed to be known.

The authors propose the method of camera calibration by using only one single
image of two coplanar circles with arbitrary radius, even if centres of the circles
and/or part of the circles to be occluded. After the viewing of the scene containing
two coplanar circles, an image with two ellipses can be obtained. Then two oblique
elliptical cones can be formed from the detected ellipses if the focal length is cor-
rect. So that the focal length can be determined by making sure each of the formed
cones is stable and is similar to the real cone surfaces.

The authors refer to the work of Dhome et al. [1990] to demonstrate the rigorous
description for the properties of ellipses and conic surfaces. Then assume the focal
length is known, the unit normal vector of the supporting plane and the centre of
the circle can be determined from one perspective image. And because these two
circles are coplanar, it can perform a constraint, which makes the product of two
vectors be one unit. In practical, the focal length is unknown, so that the product of
two vectors can be dealt with by approaching to one unit. Through this approach,
the focal length and the unit normal vector can be determined and the ambiguity
cased by the undetermined sings can be eliminated.

The authors test the method by using simulated images, then using real images.
To the simulation, the authors create two images which are full of coplanar circles.
Two circles are selected randomly in order to apply the calibration routine. The
calibrated data is compared with authentic data. To the experiment with real im-
ages, indoor and outdoor scenes are been shot by two different cameras and a video
camera. These images are been converted to the vertical view to the supporting
plane by assuming a planar scene, in order to see if it resembles the real scene.

The authors demonstrate the accuracy of the simulated experiment by present-
ing RMS errors, which are 5.52 pixels and 9.21 pixels respectively and standard
deviations, which are 9.21 pixels and 11.89 pixels, when the focal length is set to
be 200 pixels. To the experiment with real images, some of the converted images
do not show a perfect circle. The authors claim that the considerable reasons are
the rest parameters which is unknown and the radial distortion of the cameras are
not compensated.

The authors claim that they are the first to propose this method. The authors
also claim that compared with existing methods, their method can determine the
focal length of camera as well as extrinsic camera parameters. Even in the case
that the position and the size of the circles are not available, the proposed method,
as claimed by the authors, can still give the focal length and the normal vector of
the supporting plane.

3.2.4 Jiang [2005]: Detection of Concentric Circles for Camera Calibration.
The authors claim that using planar patterns for camera calibration is popular for
its practical convenience. The authors also claim that planar pattern of pairs of
concentric circles is geometrically richer than point-like features. The authors refer
to the work of Fremont and Chellali [2002], O’Gorman et al. [1990], Kim et al.
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[2005] and Yang et al. [2000] and address the problem that such work identified:
camera calibration by using planar pattern of pairs of concentric circles.

The authors refer to the work of Sturm and Maybank [1999], Triggs [1998] and
Zhang [2000] to introduce the camera calibration method by using planar patterns.
The authors state that different patterns exist. Then the authors refer to the work
of Sturm and Maybank [1999], Triggs [1998] and Zhang [2000] to introduce the grid
pattern, refer to the work of Chen et al. [2004], Fremont and Chellali [2002], Heikkila
[2000], Kim et al. [2005] and Yang et al. [2000] to introduce circular pattern and
refer to the work of Matsunaga et al. [2000] to introduce the mixed pattern. The
authors claim that most of these works are concentrated on the geometric aspect
and the bottleneck of automatic detection and identification of the features for the
practise of calibration has not been put sufficient efforts. Next the authors refer to
the work of Fremont and Chellali [2002], O’Gorman et al. [1990], Kim et al. [2005]
and Yang et al. [2000] to state that some geometric properties of patterns of pairs
of concentric circles have been introduced and discussed. The authors then criti-
cize that such properties have geometric derivation which can be much simplified
by using the simple fact that the image of a pair of concentric circle intersects at
a repeated pair of points. Besides, the authors criticize that the intrinsic special
geometric properties of the pattern are not been considered. What’s more, the
authors state that the feature identification issue is not been considered.

The authors introduce a geometric method that constructs a sequence of points
strictly convergent to the image of the circle centre from an arbitrary point. The
method automatically detects the points of the pattern features by the construction
method, and identifies them by invariants. It then takes advantage of homologi-
cal constraints to consistently and optimally estimate the features in the image.
Then the complete system of practical and automatic calibration method can be
constructed.

The authors start the analysis by introducing a geometric observation in Eu-
clidean space that the centre of the circle is always in a strictly decreasing convex
area formed by all he chords. Then this construction is been moved into conics in
a projective plane. Next, by translating the Euclidean concept of the midpoint of a
given segment into a projective notion of harmonic conjugate that could be deter-
mined by a pair of conics, the image of the centre of circles from the observation of
the pair of conics can be constructed. Next, the planar homography is estimated
from the correspondences of the pair of circular points and the centres of circles. In
image plane, each image of the centre of the conics is determined as the pole of the
vanishing line with respect to each conic. Once an optimized solution to the image
of the circular points and the homography is obtained, the intrinsic and extrinsic
parameters are extracted in the same way as the plane-based method ([Zhang 2000]
and [Sturm and Maybank 1999]) and all camera parameters are globally optimized
using Maximum Likelihood Estimation method.

The authors conduct experiments on simulated and real image data. In simula-
tion, the virtual camera is initially placed to be orthogonal to the pattern and the
principal axis goes through the centre of circles. The radii of imaged circles are 100
and 60 pixels respectively. In experiments with real images, the authors place an
arbitrary seed point in each image and test if the circles can be automatically de-
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tected. Then the images with incomplete circles are applied to test the robustness
and the accuracy of the system.

The authors claim that their method is robustness and accuracy, which the ab-
solute errors of the ratios are less than 0.005. The authors also claim that their
method is efficient at detecting a complete pair of concentric circles; however it
does not detect any pair that is even partially occluded. The authors then state
that this failure does not limit the method toward the calibration task.

The authors claim that they are the first to propose this method. They do not
compare their work with the others.

3.2.5 Colombo [2006]: Camera Calibration with Two Arbitrary Coaxial Circles.
The authors refer to the work of Wong et al. [2003] and introduce the problem
originated from Wong et al. [2003]: camera calibration with two arbitrary coaxial
circles. This method is based on the automatic localization of a surface of revolu-
tion (SOR) in a single image and its usage as a calibration artifact.

The authors refer to the work of Caprile and Torre [1990] to introduce the scene-
based calibration approach which uses the vanishing points of three orthogonal
directions. The authors then refer to the work of Daucher et al. [1994] and Agrawal
and Davis [2003] to introduce the calibration method of using images of spheres.
Besides, the work of Zhang [2000] is referred to introduce the calibration method by
using a planar checker board. What’s more, the work of Chen et al. [2004] is intro-
duced to illustrate the calibration method of exploiting the image of two arbitrary
coplanar circles. For the field of using SORs, work of Wong et al. [2003] is referred
as the example of camera calibration from multiple images of SORs. Besides, the
work of Wong et al. [2004] and Colombo et al. [2005] is also referred to introduce
the single view metric reconstruction derived from SORs. The authors state that
the SOR features usable for calibration are the elliptical imaged cross-sections and
the apparent contour.

The authors propose their calibration method by providing a framework of ex-
tracting a SOR object from image data, and using it as calibration artifact. As
the employment of the homology-based curve segmentation strategy, the proposed
method can calibrate the intrinsic and extrinsic parameters automatically: the in-
trinsic parameters can be directly retrieved from the equation set formed by such
strategy.

The authors state that the imaged SOR fixed entities are strictly related to the
matrix of intrinsic parameters. Since cross sections are parallel circles in 3D, they
intersect at the circular points of the families of planes orthogonal to the SOR sym-
metry axis. Besides, their projections in the image are also related to the image
of the absolute conic. So that four linear constraints can be used to compute the
equation set which contains four unknowns. The authors claim that the assumption
of zero skew factor and unit aspect ratio is made.

The authors conduct the experiments with synthetic and real data. In simula-
tion, increasing Gaussian noise is applied to the data. The results are compared to
the predefined data. In the experiment with real images, the reconstructed scenes
are presented to test the proposed method.

In simulation, the authors claim the degradation as the noise increases. In the
experiment with real images, the authors also claim the noise sensitivity. Besides,
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the authors claim that the principal point coordinates are more sensitive than the
focal length.

The authors claim that they are the first to solve the proposed problem. They
do not compare their work with others.

3.3 Calibration Based on the Collaboration of Vanishing Points/Lines and Circles

3.3.1 Wang [2005]: Camera Calibration and 3D Reconstruction from a Single
View Based on Scene Constraints. The authors refer to the work of Caprile and
Torre [1990] and the problem that Caprile and Torre [1990] first addressed: camera
calibration from a single image which contains man-made environment. They define
the man-made environment as one containing three orthogonal principal directions.
They claim that camera calibration from a single image is an improvement com-
pared to the camera calibration from two or more images. They also claim that to
solve camera calibration from a single image which contains a man-made environ-
ment, a cuboids model is reasonable.

The authors refer to the work of Caprile and Torre [1990] and describe the method
proposed by Caprile and Torre [1990]: camera calibration from vanishing points.
The authors also refer to the works of Liebowitz et al. [1999], Wilczkowiak et al.
[2002] and Liebowitz and Zisserman [1999] and claim that these works are based on
Caprile and Torre [1990]. The shortcoming of these works is that their assumption,
which is that the pixel is square, may not be applicable to some off-the-shelf digital
cameras. Finally, the authors refer to the work of Wilczkowiak et al. [2002] and
state that Wilczkowiak et al. [2002] expands the idea to parallelepiped structures.
The authors state that their work is based on the idea presented by Caprile and
Torre [1990].

The authors propose that two line segments with equal length or a known length
ratio on an object can provide an additional independent constraint of the image
of the absolute conic. They use this constraint to compute the image of circular
points. They also claim that four independent linear constraints on IAC (Image of
Absolute Conic) can be obtained from the image of circular points and a vertical
vanishing point, which is the image of the direction perpendicular to the plane of
IAC. Besides, they claim that a rotation matrix can be recovered from two orthog-
onal vanishing points and the camera calibration matrix.

The authors present a formal proof of their statements by using the concept of
vanishing points and geometry principles. Based on these statements, an equation
set, in which camera calibration coefficients can be retrieved, has been acquired.
Furthermore, by applying the property of the rotation matrix, the authors show
that they can recover the rotation matrix from two orthogonal vanishing points and
the camera calibration matrix.

Next, the authors perform two experiments: one is with simulated data and the
other is with real images. In a simulated experiment, the authors randomly select a
pair of line segments with equal length on X and Y Axes respectively, and calibrate
the camera. Then with the estimated intrinsic parameters, the authors compute
the extrinsic parameters of the camera. In a practical experiment, the authors cal-
ibrate the camera and reconstruct the scene from a set of images by the methods
which they propose.

The authors state that in the simulated experiment, their proposed methods are
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accurate and robust even under level 3 noise when the skew of the camera is zero;
in the real experiment, such methods are consistent with the real case and they
appear to be realistic.

The authors claim that they are the first to introduce these methods. The authors
do not compare their work with others.

3.3.2 Chen [2008]: Full Camera Calibration from a Single View of Planar Scene.
The authors refer to the work of Ip and Chen [2005] and Chen et al. [2004] and
address the problem [Chen et al. 2004] defined: camera calibration from a single
image which contains conics. The authors claim that a single image containing two
coplanar circles is sufficiently powerful to give a fully automatic calibration frame-
work.

The authors refer to the work of Dhome et al. [1990] to state that conics have
been employed to help perform camera calibration before. The authors also refer
to the work of Agrawal and Davis [2003] to introduce the calibration strategy of
applying spheres as calibration pattern. Next, the authors refer to the work of
Caprile and Torre [1990] to state that all intrinsic parameters can be solved from
the vanishing points of three mutually orthogonal directions in a single image when
the assumption of zero skew and unit aspect ratio is made. Besides, the authors
state that multiple patterns or images can be applied to perform calibration when
not all three vanishing points are available from a single image. What’s more, the
work of Ip and Chen [2005] and Chen et al. [2004] are referred by the authors as
the closest approach. The work of Ip and Chen [2005] introduces the accurate Eu-
clidean measures from coplanar circles in a calibration-free manner, and the work
of Chen et al. [2004] introduces the estimation of the focal length and the camera
pose from two coplanar circles in the image.

The authors divide their method into several stages: first, calibration-free planar
rectification ([Ip and Chen 2005]) is performed and then extended to recover the
vanishing line, the centres of circles and orthogonal vanishing point pairs; second,
the distribution of the focal length are computed from all orthogonal vanishing
point pairs; third, a statistical optimization routine is designed to estimate the
focal length, the principal point and the aspect ratio simultaneously; finally, the
calibration result is validated by comparison with the ground truth for synthetic
scenes or by augmented reality tests for real scenes.

The authors use the ellipse detecting and fitting ([Fitzgibbon et al. 1999]) and
pole-polar computation to solve the vanishing line and a group of orthogonal van-
ishing point pairs. The orthogonal direction of a given point at infinity can be
solved by calculating the intersection of its polar line and the line at infinity. Next,
according to the orthogonal property, for each guess of principal point and a set of
orthogonal vanishing points, a set of guessed focal length can be computed respec-
tively. Then the downhill simplex method is applied to perform the optimization
routine. At last, such guess-and-optimization routine is executed iteratively until
reaches the convergence.

The authors conduct the experiment with simulated data and real images to
validate their proposed method. In simulation, the result is compared to the prede-
fined data. Besides, a 3D ball model is added into the virtual scene to validate the
calibration. In the experiment with the real scene, two reference points are selected
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on the plane to help build a world coordinate system. Then the authors add a 3D
car model into the scene to test the calibration quality.

The authors claim, in simulation, that the method adapts stably to a wide range
of principal points and aspect ratios, and all parameters can be estimated with
high accuracy. In the experiment with the real image, the authors claim that their
method is of validity and stability.

The authors claim that they are the first to fully solve this problem. They claim
that their method advantages the others from waiving priori information and re-
strictions on circle positions.

3.4 Calibration Based on Symmetry

3.4.1 Hong [2004]: On Symmetry and Multiple-View Geometry: Structure, Pose,
and Calibration from a Single Image. The authors claim that certain relationships
among 3D scene features themselves have been, to a large extend, ignored or at least
under-studied in computer vision field. Then the authors state that the symmetry
can encode 3D information within a single perspective image. Thus the authors
propose the problem: camera calibration from a single image which contains the
symmetry features.

The authors refer to the work of Mitsumoto et al. [1992] to introduce the study of
how to reconstruct a 3D object using the mirror image based on planar symmetry.
The authors also refer to the work of Vetter and Poggio [1994] to show the proof
that for any reflective symmetric 3D object, one non-accidental 2D model view is
sufficient for recognition. Besides, the authors refer to the work of Zabrodsky and
Weinshall [1997] to introduce the improvement of 3D reconstruction from image
sequences by using bilateral symmetry assumption. What’s more, the authors refer
to the work of Rothwell et al. [1993], Chain and Cipolla [1996], Liebowitz and Zis-
serman [1998] and so on to introduce the application of symmetry in 3D object and
pose recognition. Then the authors refer to the work of Marola [1989], Mukherjee
et al. [1995], Kanatani [1997] and so on to introduce the detection of symmetry from
images. The authors state that there is a lack of formal and unified analysis as well
as efficient algorithms which would allow people to easily make use of numerous
and different types of symmetry that nature offers.

The authors propose the method of calibrating a camera from a single image by
adopting the symmetry. There are three subsections of this method. The first is the
calibration from translational symmetry. The second subsection is the calibration
from reflective symmetry. The authors state that if the reflective symmetry is along
three mutually orthogonal directions, this method is similar to the first subsection.
The last subsection is the calibration from rotational symmetry.

The authors focus on the fundamental matrix and construct an equation under
the epipolar constraints between pairs of hidden images. Then as described above,
the authors analyze it in three parts. In the first part, rotation is avoided; and
since three mutually orthogonal translations are given, three linear equations can
be determined to solve intrinsic parameters. The authors claim that such three
orthogonal translations correspond precisely to the notion of ”vanishing point” or
”vanishing line” defined in Criminisi et al. [2000]. The second part is similar to the
first one. In the last part, the calibration matrix satisfies the normalized Kruppa’s
equation. If only the focal length is unknown, it can be retrieved from the equation
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derived from the rotational symmetry.
The authors do not conduct any experiment to test the calibration.
The authors claim that they are the first to introduce this method. They do not

compare their method to the others.

3.5 Calibration Based on Four Coplanar Control Lines

3.5.1 Shang [2004]: Analytical Method for Camera Calibration from a Single
Image with Four Coplanar Control Lines. The authors state that most of the ex-
isting methods to calibrate the camera need more than six non-coplanar control
points or two or more views in different orientations if the control points are copla-
nar. To improve it, by assuming the awareness of the lens distortion, the authors
propose the problem: camera calibration from a single view with four coplanar
control lines.

The authors refer to the work of Fischler and Bolles [1981] to introduce the
PnP (the perspective of n points) problem. This problem is to find the position
and orientation of a camera with respect to a scene object from n corresponding
points. Fischler and Bolles [1981] gives a unique solution by using four control
points (P4P). The authors claim that the P4P problem with coplanar points can
be solved linearly and analytically ([Penna 1991]). The authors also claim that
this P4P problem with coplanar points can be solved with one unknown effective
focal length ([Abidi and Chandra 1995]). The authors, then, introduce the work
of Hu et al. [2001] to introduce the linear method of solving a camera’s extrinsic
parameters and two intrinsic parameters simultaneously by four coplanar control
points.

The authors propose that the camera’s extrinsic parameters and two effective
focal lengths can be retrieved uniquely, linearly and analytically with four coplanar
control lines when the lens distortion and other intrinsic parameters are known.
The authors use control lines rather than control points to perform constraints
which can be used to compute intrinsic parameters. Using control lines also brings
the benefit of suppressing the image noise so that the calibrated result is better
than the analogous method by using of control points.

The authors first present the mathematical description of the pin-hole model
and then present the equation set related to the perspective homography. Since the
four coplanar control lines are obtained, they can be transformed to four constraints
with four linear equations, because a planar line is defined by two parameters. Then
combined with the previous obtained homography equation sets, the unique solu-
tion can be acquired finally.

The authors conduct simulated experiments to test this method. The authors
compare the calibration result obtained with control lines with the calibration re-
sult obtained analogously with control points. During the experiment, a calibration
system is built up and lines are extracted by fitting arithmetic.

The authors claim that the experiment shows comparatively results. Extracting
image lines by fitting arithmetic can effectively suppress the image noise. If more
coplanar control lines are available, the result can be improved by a least-squares
fit. The authors claim that effective focal lengths can be derived from the pro-
posed method when the lens distortion has been corrected and the other required
parameters are given precisely. At last, the authors claim that solutions of off-plane

ACM Journal Name, Vol. V, No. N, Month 20YY.



30 · Zhuo Wang

values given by the proposed method are not as precise as those of in-plane values:
it is because that the off-plane variation cannot be sensitively detected during the
calibration.

The authors claim that they are the first to propose this method. They also
claim that such method is easy to be implemented and is practical for work site
usage. The authors claim that their method brings better calibration precision than
methods with control points.

3.6 Calibration Based on Three Known Coplanar Points

3.6.1 Park [2007]: Quaternion-Based Camera Calibration and 3D Scene Re-
construction. The author states that despite the sensitivity of solving 3D scene
reconstruction from numerical errors, mathematical analysis is one of the basic ap-
proaches to better understand 3D scene reconstruction. The author then proposes
the problem: camera calibration from a single image, which contains three known
points on a single plane.

The author refers to the work of Park and Kim [2002] to introduce the idea of
extending the quaternion by adding a translation step.

The author proposes a camera calibration method for a image which contains
three coplanar known points. This method focuses on solving a quaternion based
set of nonlinear equations. Since three points are known, their coordinates and the
co-plane relationship can be used to uniquely solve the nonlinear equations.

The author first introduces the adjusted quaternion. The reason for using quater-
nion is its ability of representing 3 DOFs. The author then defines the Heptanion as
the extension of the quaternion by adding an additional part of translation vector.
Therefore the Heptanion can represent 6 DOFs. By projection model, the equa-
tion can be derived to describe the camera. The co-plane relationship can provide
the mapping between ground and camera image, and combining with three known
points the equation can be solved and the intrinsic parameters can be retrieved.

The author conducts the experiment of dealing with a real image. The image is
reconstructed with the help of the proposed calibration method. Then the recon-
structed image is demonstrated by VRML (Virtual Reality Modelling Language)
to test the calibration accuracy.

The author claims that some texture mismatch may be due to either computa-
tion error or VRML browser error. Besides, the author claims that the worst height
computation error for the above scene is 12%.

The author claims that he is the first to propose this method. The author does
not compare his work to the others.

4. CONCLUDING COMMENTS

Caprile and Torre [1990] proposed an innovative idea of using vanishing points to
calibrate the camera. It can be used to calibrate the camera from a single image.
Since then, many methods, which have been inspired by this idea, have been pro-
posed to address this problem. These methods either extend the original idea, e.g.
[Wilczkowiak et al. 2001] and [Wilczkowiak et al. 2005], or modify the implemen-
tation of it, e.g. [Guillou et al. 2000] and [Svedberg and Carlsson 2000].

Another direction, camera calibration by circles from a first image, is first pro-
posed by Fremont and Chellali [2002]. After that, several similar methods are
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proposed [Teramoto and Xu 2002], [Chen et al. 2004], etc.. During it, the feature
combination of vanishing points/lines and circles in the images has also been pub-
lished. The work of Wang et al. [2005] and Chen et al. [2008] is the example.

In recent years, other directions have been proposed: symmetry [Hong et al.
2004], coplanar lines [Shang et al. 2004] and coplanar points [Park 2007] have also
been applied to calibrate the camera from a single image.

Future work will be focused on ”making more accurate error analysis and treat-
ing more complex camera models” [Chen et al. 2008], the improvement of current
methods, such as extend the original idea to estimate ”image center and the radial
distortion parameters” [Chen et al. 2004] and trying to apply ”other structural in-
formation” [Svedberg and Carlsson 2000] and the expansion of application in other
fields, such as ”trying to obtain 3D texture models of generic objects” [Colombo
et al. 2006].
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